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We study spin-entanglement of the quasiparticles of the local Fermi liquid excited in nonlinear
current through a quantum dot described by the Anderson impurity model with two degenerate
orbitals coupled to each other via an exchange interaction. Applying the renormalized perturbation
theory, we obtain the precise form of the cumulant generating function and cross-correlations for
the currents with spin angled to arbitrary directions, up to third order in the applied bias voltage.
It is found that the exchange interaction gives rise to spin-angle dependency in the cross-correlation
between the currents through the two different orbitals, and also brings an intrinsic cross-correlation
of currents with three different angular momenta.
PACS numbers: 71.10.Ay, 71.27.+a, 72.15.Qm
I. INTRODUCTION
In dilute magnetic alloys, a magnetic moment in an
impurity and that of surrounding conduction electrons
in the host metal form a singlet ground state at low tem-
peratures. This phenomenon, known as the Kondo effect,
has been intensively studied as a central issue of the con-
densed matter physics from the impurity problem to the
heavy Fermions since the discovery of the mechanism.1
Recently, development in modern condensed matter sys-
tems such as semiconductor quantum dots, ultracold
atoms, and condensed quarks, has stimulated further re-
search to explore new aspects of the Kondo effect.2–6
In quantum dots, the Kondo effect in the nonequilib-
rium steady state beyond the linear response regime has
been achieved by applying small bias-voltages, which has
been shedding light on a new aspect of the local Fermi
liquid.7–23 The local Fermi liquid is an extension of Lan-
dau’s Fermi liquid theory to the Kondo impurity at low
energies. It is essentially accounted for by free quasi-
particles and renormalized interactions.7,24,25 In electric
currents through quantum dots in the Kondo regime,
the renormalized interaction excites pairs of quasipar-
ticles that give rise to backscattering currents with an
effective charge of 2e.10–16 This doubly-charged state en-
hances fluctuation of the electric current through the
quantum dot, which has been observed as enhancement
of the shot noise or the Fano factor.17–23 The shot noise in
the Kondo dots has elucidated that interacting quasipar-
ticles form charge pairs in the nonlinear current driven
by the applied bias voltage. A question that remains to
be answered is if the spins of the quasiparticle pair are
entangled.
The purpose of this paper is to explore the nature of
the spin entanglement of pairs of the quasiparticles ex-
cited by the renormalized interaction of the local Fermi
liquid in the current. We emphasize that our focus is
the spin entanglement between quasiparticles. So far, a
lot of works on the spin entanglement between the impu-
rity and the conduction electrons, such as entropy of the
impurity and the Kondo cloud, have been done.26 Some
theoretical works on cross-correlations between currents
with different channels in the SU(N) Kondo quantum dot
have also been done.22,27–29 The cross-correlation arises
in the nonlinear current, due to the excited charge pair,
and its bias-voltage dependence is universally scaled by
the Kondo temperature. However, the cross-correlation
is independent of the spin angle of the currents in the
SU(N) Kondo regime, where the renormalized interac-
tions are isotropic for spins of the interacting quasipar-
ticles. Therefore, the quasiparticle’s entanglement may
sensitively depend on the renormalized interaction in the
case where it acquires spin-dependent components.
In this paper, to assess the spin entanglement of the
quasiparticle pairs, we introduce the Anderson impurity
model with degenerate orbitals which couple each other
via an exchange interaction. Particularly, we investi-
gate the inte-orbital cross-correlations of two currents
with twisted spin-angles, and also cross-correlations be-
tween three currents through different channels. To this
end, we make use of the full counting statistics to cal-
culate the current cross-correlations, which can give us
all the necessary components of the current correlations
systematically.30,31 The renormalized perturbation the-
ory is also employed to precisely account for effects of
electron correlation in low bias voltage steady state.32–35
This paper is organized as follows. In the next sec-
tion, we introduce an orbital-degenerate Anderson im-
purity model with an exchange interaction. The renor-
malized perturbation theory is introduced to precisely
treat electron correlations of the local Fermi liquid in the
nonequlibrium steady state at low bias voltages. The full
counting statics is also introduced to calculate current
correlations. In Sec. III, we show our numerical renor-
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FIG. 1. A schematic of a quantum dot connected to left and
right lead electrodes with orbital degrees of freedom. Bias
voltage eV is applied between the two lead electrodes. In
electron tunneling between the dot and the leads, the spin
and orbital degrees of freedom are assumed to be conserved.
malization group results to the interaction-dependence of
the current cross-correlations, and discuss the entangled
states in the nonlinear current in the Fermi liquid regime.
Finally, we give a brief summary in Sec. IV.
II. MODEL AND FORMULATION
A. Anderson Impurity model
Let us consider a quantum dot with two degenerate
orbitals coupled by an exchange interaction (see Fig. 1),
described by an Anderson impurity model:
HA = H0 +HT +HI , (1)
where
H0 =
∑
αmσ
∫ D
−D
dε ε c†εαmσcεαmσ +
∑
mσ
ǫdd
†
mσdmσ , (2)
HT =
∑
αmσ
[
vαd
†
mσψαmσ + v
∗
αψ
†
αmσdmσ
]
, (3)
HI = U
∑
m
nˆdm↑nˆdm↓ +Wnˆd1nˆd2 + 2JSˆd1 · Sˆd2 . (4)
The first term H0 represents electrons in the two lead
electrodes and the quantum dot. The operator cαǫmσ an-
nihilates an electron with spin σ =↑, ↓, orbital m = 1, 2
and energy ε in the conduction band of the left and right
electric leads α = L,R. The operator dmσ annihilates
an electron with spin σ and orbital m in the dot level
ǫd. The second term HT represents the electron tun-
neling between the leads and the dot. The leads and
the dot are connected by tunneling matrix element vα
through ψαmσ :=
∫ D
−D dε
√
ρccεαmσ where D is the half
width of the conduction band and ρc =
1
2D is the den-
sity of state for the conduction electrons. The electron
tunneling leads to an intrinsic linewidth of the dot level
given by Γ = 12 (ΓL + ΓR) with Γα := 2πρc |vα|
2
. The
last term HI represents the interaction between the elec-
trons in the dot, where U and W are the intra- and
interorbital Coulomb interaction, respectively, and J is
the exchange interaction. The number operators of the
electrons in the dot are defined by nˆdmσ := d
†
mσdmσ
and nˆdm :=
∑
σ nˆdmσ, and the total spin operator for
the electrons in the dot in channel m is defined by
Sˆdm :=
∑
σσ′ d
†
mσσσσ′dmσ′ , where σ is the Pauli matrix.
In calculation of current correlations, we assume
particle-hole symmetric ǫd = −U2 −W , symmetric con-
nection ΓL = ΓR, and the absolute zero temperature
T = 0 to eliminate thermal and partition noise and em-
phasize spin-entanglement due to the exchange interac-
tion J . The bias voltage eV is symmetrically applied
between the left and right leads to induce electric cur-
rent: The chemical potential of the left and right leads
are µL = +
1
2eV and µR = − 12eV , respectively. Without
loss of generality, positive bias voltage eV > 0 can be
taken. We also use the natural unit ~ = kB = e = 1.
We investigate spin entanglement of interacting quasi-
particle pairs emerging in nonlinear currents through the
two orbitals, exploiting cross-correlations for current with
two twisted spin angles. The operator of the electric cur-
rent with spin angled to the θ direction, from the lead α
to the dot can be defined by
Iαmθ = −i
(
vαd
†
mθψαmθ − v∗αψ†αmθdmσ
)
. (5)
Here the operators for the electrons with spin angled to
the θ direction can be defined by a rotational transfor-
mation without loss of generality:(
dmθ
dmθ+π
)
:=
(
cos θ2 − sin θ2
sin θ2 cos
θ
2
)(
dm↑
dm↓
)
, (6)(
ψαmθ
ψαmθ+π
)
:=
(
cos θ2 − sin θ2
sin θ2 cos
θ
2
)(
ψαm↑
ψαm↓
)
. (7)
We note that our analysis can be applied to not only
single quantum dots with orbital degeneracy36,37 but also
double quantum dots with two current channels.38
B. Renormalized perturbation theory
To derive the precise form of current cross-correlations
under the electron correlations of the Anderson impurity
model at low energies, we make use of the renormalized
perturbation theory.
The renormalized perturbation theory is an idea to
reorganize the series of perturbation expansion, which
is very useful for systems where the renormalization ef-
fect strongly acts such as Kondo impurities. The renor-
malized perturbation theory for the Anderson impurity
model links the microscopic local Fermi liquid theory
where perturbation expansion is done in powers of bare
interactions25,39 to phenomenological local Fermi liquid
theory where perturbation expansion is done in pow-
ers of the renormalized interactions.24 Thus, the theory
tells us the precise way to calculate currents and current-
correlations at low energies, by perturbation expansion in
the renormalized interactions, and brings an intuitive un-
derstanding of the current due to low-lying excited states
in the quasiparticle picture.
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FIG. 2. The Keldysh contour (a) C between t = −∞ and
t = +∞, and (b) CT between t = −
T
2
and t = +T
2
. The
indices µ = − and + specify the forward and backward paths,
respectively.
In this subsection, we illustrate the renormalized per-
turbation theory for the Anderson impurity model with
degenerate orbitals given by Eq. (1).32,33,35 Then, we ap-
ply this theory to calculate current cross-correlations up
to third order in bias-voltage V 3. The basic idea is as the
following. In the local Fermi liquid region, perturbation
expansion in the interactions U,W , and J for all orders
gives the exact result at low energies. However, it is very
difficult, except for some special cases, to calculate all se-
ries in the perturbation expansion. Here, employing the
idea of the renormalized perturbation theory, we reorga-
nize the perturbation expansion and effectively carry out
all-order calculation at low energies.
Let us start with the partition function for the An-
derson impurity model given by Eq. (1), which can be
expressed as a functional integral over time-dependent
Grassmann variables along the Keldysh contour C [see
Fig. 2 (a)],
Z =
∫ ∏
αmσ
D (d¯mσ)D (dmσ)D (c¯εαmσ)D (cεαmσ) eiS ,
(8)
where the action is given by
S =
∑
µ
∫ ∞
−∞
dt (σ3)
µµ LµA(t). (9)
with
σ3 =
(
1 0
0 −1
)
. (10)
The superscripts µ = − and + label the forward and
backward paths of the Keldysh contour, respectively, as
shown in Fig. 2 (a). The integral along the Keldysh con-
tour allows us to calculate expectation values in nonequi-
librium states. Our Anderson impurity model in the La-
grangean form is given by
LµA(t) = Lµ0 (t) + LµT(t) + LµI (t) , (11)
with
Lµ0 (t) =
∑
αmσ
∫ D
−D
dε c¯µεαmσ(t)
(
i
∂
∂t
− ε
)
cµεαmσ(t)
+
∑
mσ
d¯µmσ(t)
(
i
∂
∂t
− ǫd
)
dµmσ(t) , (12)
LµT(t) =
∑
αmσ
[
vαd¯
µ
mσ(t)ψ
µ
αmσ(t)
+v∗αψ¯
µ
αmσ(t) d
µ
mσ(t)
]
, (13)
LµI (t) = U
∑
m
nµdm↑(t)n
µ
dm↓(t)
+Wnµd1(t)n
µ
d2(t) + 2JS
µ
d1(t) · Sµd2(t) . (14)
Here, the Grassmann numbers are defined by
nµdmσ(t) := d¯
µ
mσ(t)d
µ
mσ(t) , (15)
nµdm(t) :=
∑
sigma
nµdmσ(t) , (16)
S
µ
dm(t) :=
∑
σσ′
d¯µmσ(t)σσσ′d
µ
mσ′(t) , (17)
ψµαmσ(t) :=
∫ D
−D
dε
√
ρcc
µ
εαmσ(t), (18)
ψ¯µαmσ(t) :=
∫ D
−D
dε
√
ρcc¯
µ
εαmσ(t). (19)
On introducing a self-energy Σrdmσ(ω) due to the inter-
actions, U,W , and J , the full retarded Green’s function
for the electrons in the dot can be written in the form
Grdmσ(ω) =
1
ω − ǫd + iΓ− Σrdmσ(ω)
. (20)
We reorganize the perturbation expansion in the bare
interactions U,W , and J to a form appropriate for the
low energies. The first step is to write the self-energy in
the form
Σrdmσ(ω) = Σ
r
dmσ(0) + ωΣ
r ′
dmσ(0) + Σ
rem
dmσ(ω) , (21)
which defines the remainder self-energy Σremdmσ(ω). Here,
Σr ′dmσ(ω) :=
∂Σrdmσ(ω)
∂ω . Substituting the self-energy in
this form into the full Green’s function given in Eq. (20),
Green’s function of the quasiparticles G˜rdmσ (ω) takes the
same form with a renormalized energy level of the local-
ized state ǫ˜d := z [ǫd +Σ
r
dmσ(0)], level width Γ˜ := zΓ,
and self-energy Σ˜rdmσ(ω) := zΣ
rem
dmσ(ω):
Grdmσ(ω) =
z
ω − ǫ˜d + iΓ˜− Σ˜rdmσ(ω)
(22)
= zG˜rdmσ(ω) . (23)
Here, the wave function renormalization factor is defined
by z := [1− Σr ′dmσ(0)]−1. The renormalized linewidth Γ˜
corresponds to the characteristic energy scale, namely,
the Kondo temperature as TK = πΓ˜/4. We note that
Σrdmσ(0) and Σ
r ′
dmσ(0) are to be evaluated at ω = 0, T =
40, and V = 0. The overall factor z in Green’s function is
removed by rescaling the Grassmann numbers of the dot
state as, dmσ =
√
zd˜mσ and d¯mσ =
√
z ˜¯dmσ.
The last parameters specifying the renormalized the-
ory are the renormalized interactions U˜ , W˜ , and J˜ . These
quantities are derived from the four-point vertex func-
tion Γm1σ1;m2σ2m3σ3;m4σ4(ω1, ω2, ω3, ω4), which is derived from the
time-ordering two-particles Green’s function of the dot
electrons at V = 0 and T = 0. The renormalized four-
vertex is defined by
Γ˜m1σ1;m2σ2m3σ3;m4σ4 (ω1, ω2, ω3, ω4)
:= z2Γm1σ1;m2σ2m3σ3;m4σ4 (ω1, ω2, ω3, ω4) , (24)
through the rescaling of four fermion fields for the dot
site. The renormalized interactions are then defined by
the value of the four-vertex at ω1 = ω2 = ω3 = ω4 = 0:
z2Γm1σ1;m2σ2m3σ3;m4σ4 (0, 0, 0, 0)
=:
[(
U˜ + J˜
)
δm1m2 +
(
W˜ − J˜
2
)(
1− δm1m2
)]
× (δm1m4δm2m3 δσ1σ4 δσ2σ3 − δm1m3 δm2m4δσ1σ3 δσ2σ4 )
−J˜ (δm1m3δm2m4 δσ1σ4 δσ2σ3 − δm1m4 δm2m3δσ1σ3 δσ2σ4 ) , (25)
where δm1m2 is the Kronecker’s delta.
The quasiparticle’s Lagrangean L˜µqp(t) to describe
properties at low energies is obtained by replacing the
parameters of the dot state of the Anderson impurity
model given by Eq. (1) to the renormalized ones:
L˜µqp(t) = L˜µ0 (t) + L˜µT(t) + L˜µI (t) , (26)
where
L˜µ0 (t) =
∑
αmσ
∫ D
−D
dε c¯µεαmσ (t)
(
i
∂
∂t
− ε
)
cµεαmσ (t)
+
∑
mσ
˜¯dµmσ (t)
(
i
∂
∂t
− ǫ˜d
)
d˜µmσ (t) , (27)
L˜µT (t) =
∑
αmσ
[
v˜α
˜¯dµmσ (t)ψ
µ
αmσ (t)
+v˜∗αψ¯
µ
αmσ (t) d˜
µ
mσ (t)
]
, (28)
L˜µI (t) = U˜
∑
m
n˜µdm↑ (t) n˜
µ
dm↓ (t)
+W˜ n˜µd1 (t) n˜
µ
d2 (t) + 2J˜S˜
µ
d1 (t) · S˜µd2 (t) , (29)
with
v˜α :=
√
zvα , (30)
n˜µdmσ(t) :=
˜¯dµmσ(t)d˜
µ
mσ(t) , (31)
n˜µdm(t) :=
∑
σ
n˜µdmσ(t) , (32)
S˜
µ
dm(t) :=
∑
σσ′
˜¯dµmσ(t)σσσ′ d˜
µ
mσ′(t) . (33)
As a part of the interaction effects are taken into account
ab initio in the quasiparticle’s Lagrangean, compensating
terms have to be introduced to avoid overcounting in the
perturbation expansion. Then, the total Lagrangean has
to be satisfied with
LµA(t) = L˜µqp(t) + LµCT(t). (34)
Therefore, the specific form of the counter-term La-
grangean is given by
LµCT(t) =
∑
mσ
˜¯dµmσ(t)
(
ξ1i
∂
∂t
+ ξ2
)
d˜µmσ(t)
+ξU3
∑
m
n˜µdm↑(t) n˜
µ
dm↓(t) + ξ
W
3 n˜
µ
d1(t) n˜
µ
d2(t)
+2ξJ3 S˜
µ
d1(t) · S˜µd2(t) . (35)
In the reorganized perturbation theory, the action can
be written in the terms of the quasiparticles. After for-
mally integrating over the Grassmann numbers for the
conduction electrons, the reduced action is given by
S =
∑
µ
∫ ∞
−∞
dt (σ3)
µµ
[
L˜µqp (t) + LµCT(t)
]
(36)
=
∫ ∞
−∞
dt
∫ ∞
−∞
dt′
∑
mσ
˜¯dmσ(t) [g˜dmσ(t− t′)]−1 d˜mσ(t′)
+
∑
µ
(σ3)
µµ
∫ ∞
−∞
dt
[
L˜µI (t) + LµCT(t)
]
(37)
with
˜¯d(t) =
(
d˜−dmσ(t) d˜
+
dmσ(t)
)
, d˜(t) =
(
d˜−dmσ(t)
d˜+dmσ(t)
)
, (38)
g˜dmσ(t) =
(
g˜−−dmσ(t) g˜
−+
dmσ(t)
g˜+−dmσ(t) g˜
++
dmσ(t)
)
. (39)
Here, g˜dmσ(t) is Green’s function of the free quasiparticle
(see Appendix B). The coefficients of the counter terms,
ξ1, ξ2, ξ
U
3 , ξ
W
3 , and ξ
J
3 , are expressed in powers of the
renormalized interactions U˜ , W˜ and J˜ , which are deter-
mined by the renormalized condition for the renormalized
self-energy given Σ˜rdmσ(0) = 0 and
∂Σ˜rdmσ(0)
∂ω
∣∣∣
ω=0
= 0,
and for the four-vertex Γ˜m1σ1;m2σ2m3σ3;m4σ4(0, 0, 0, 0) (see Ap-
pendix A).
We can evaluate the values of the quasiparticle param-
eters, ǫ˜d, Γ˜, U˜ , W˜ , and J˜ , with use of the numerical renor-
malization group approach,35,40,41 because the quantities
are defined at T = 0 and V = 0 (see Appendix C). The
nonequilibrium effect at low bias voltages V ≪ TK ∼ Γ˜
enters via perturbation expansion in the renormalized in-
teractions.
The perturbation expansion up to only the second or-
der in the renormalized interactions gives a precise ex-
pression of the self-energy at T = 0 up to the second
order in ω and V , and those of currents and current
correlations up to order V 3. The counter terms can-
cel all the terms with higher orders in the renormalized
5interactions.16,21,22,34 We shall calculate current cross-
correlation by the perturbation expansion in the renor-
malized interactions.
C. Full counting statistics
To calculate currents and current correlations, we
make use of the full counting statistics.30,31 There are
two major advantages of the full counting statistics. One
is that the technique gives all-order current correlations
at once. The other is that labeled counting fields in the
partition function classify scattering processes in the cur-
rent, which provides us an intuitive understanding of the
underlying physics of the currents and the current fluctu-
ations. Thus, the combination of the renormalized per-
turbation expansion and the full counting statistics can
be a powerful tool to explore the mechanism that leads
to entangled states in the current.
Let us start with the probability distribution P (q) of
the transferred charge
q =
(
qL1↑, qL1↓, qL2↑, qL2↓, qR1↑, qR1↓, qR2↑, qR2↓
)
with orbital m spin σ from lead α to the dot in a time
interval T between t = −T2 and t = T2 , which can provide
the current correlation function to all orders. In this
paper, we consider the steady currents in the long time
limit T → ∞. For simplification of the spin subscript,
σ =↑ indicates spin angled to the θ(φ) direction, and
σ =↓ indicates spin angled to the θ + π(φ+ π) direction
for orbital m = 1(2), in the following. This probability
distribution is given by
P (q) =
〈∏
mσα
δ
qαmσ
nˆαmσ(−T2 )−nˆαmσ(T2 )
〉
, (40)
in terms of the operator for the number of charge in lead
α,
nˆαmσ(t) =
∫ D
−D
dε c†εαmσ(t) cεαmσ(t) . (41)
The generation function for this probability distribution
is given in the form
χ (λ) =
∑
q
eiλ·qP (q) (42)
with the counting field
λ =
(
λL1↑, λL1↓, λL2↑, λL2↓, λR1↑, λR1↓, λR2↑, λR2↓
)
.
The cumulant generating function can be written as
lnχ(λ) = lnZ(λ) , (43)
in term of the partition function Z (λ) for an extended
Lagrangean
LµA(t,λ) = Lµ0 (t) + LµT(t,λ) + LµI (t) . (44)
This extended tunneling part is given by
LµT(t,λ) =
∑
αmσ
[
vαe
iλµαmσd†mσ(t)ψαmσ(t) + H.c.
]
,(45)
where the sign of the counting field depends on the
Keldysh contour as λµαmσ = (σ3)
µµ
λmσ. Thus, the par-
tition function is written in the path integral form:
Z(λ)
=
∫
D (c¯εαmσ)D (cεαmσ)D
(
d¯mσ
)D (dmσ) eiS(λ) ,
(46)
where the action is given by
S(λ) =
∫
C
T
dtLµA(t,λ) , (47)
and CT is a Keldysh contour in a time interval T [see
Fig. 2(b)]. The counting field is introduced such that
the terms where one electron moves from the left or right
lead to the dot gain one counting field eλαmσ , as seen in
the extended tunneling Lagrangean (45). It is useful for
analyzing scattering processes in currents.
III. RESULT AND DISCUSSION
Let us calculate the cumulant generating function for
the current through the quantum dot in the Kondo
regime. Then, using the obtained cumulant generating
function, current cross-correlations, averaged currents
and shot noise, are derived in terms of renormalized pa-
rameters, and we investigate spin entanglement of quasi-
particle pairs emerging in the current. Finally, we discuss
interaction dependence of these quantities with use of the
numerical renormalization group approach.
A. Cumulant generating function
Applying the renormalized perturbation theory, we can
precisely include the local Fermi liquid properties in the
partition function for low energies, which can be written
in the quasiparticle picture as
Z(λ) =
∫
D
(
˜¯dmσ
)
D(d˜mσ)eiSred(λ) , (48)
where the reduced action is given by
Sred(λ)
=
∫ T
2
−T2
dt
∫ T
2
−T2
dt′
∑
mσ
˜¯dmσ(t)
[
g˜λdmσ(t− t′)
]−1
d˜mσ(t
′)
+
∑
µ
∫ T
2
−T2
dt (σ3)
µµ
[
L˜µI (t) + L˜µCT(t)
]
. (49)
Here, g˜λdmσ(t) is the Green’s function of the free quasi-
particle with the counting fields (see Appendix B).
6Applying the perturbation expansion in the renormal-
ized interactions to the partition function given in Eq.
(48), the cumulant generating function up to the third
order in V is precisely calculated in terms of the renor-
malized parameters:
lnχ(λ) = lnχ0(λ) +
T
2π
V
(
V
Γ˜
)2
(A+ B) +O(V 5) .
(50)
This is a key result. Equation (50) enables us to calculate
the current correlations in all orders by differentiating it
with respect to the counting fields. It also describes the
scattering processes of the low-energy excited states in
the current. The first term of Eq. (50) describes the
free-quasiparticles contribution, which is resulted from
the zeroth order term of the perturbation expansion in
the renormalized interaction as
lnχ0(λ) =
T
2π
∑
mσ
∫ +V2
−V2
dω ln
[
1 + Tmσ(ω)
(
eiλ¯mσ − 1
)]
.
(51)
In the free-quasiparticle’s process, the quasiparticles are
scattered by the resonant level near the Fermi level, de-
scribed by the transmission probability
Tmσ(ω) = −ΓImGrdmσ(ω) =
Γ˜2
ω2 + Γ˜2
. (52)
The second term of Eq. (50) is obtained by second order
calculation in the renormalized interactions as
A = u˜2
{
1
12
∑
mσ
(
e−iλ¯mσ − 1
)
+
1
3
∑
m
[
e−i(λ¯m↑+λ¯m↓) − 1
]}
+
1
4
j˜2
[
cos2 (θ − ϕ) + 1]
 124∑
mσ
m′ 6=m∑
m′
[
e−i(λRmσ−λRm′σ−λRmσ¯+λLm′σ¯) − 1
]
+
1
24
∑
mσ
m′ 6=m∑
m′
[
e−i(λLmσ+λLm′σ¯−λLmσ¯−λRm′σ) − 1
]
+
1
3
∑
σ
[
e−i(λL2σ+λL1σ¯−λR1σ−λR2σ¯) − 1
]}
+
[
w˜ − 1
2
j˜ cos (θ − ϕ)
]2{
1
6
∑
mσ
(
e−iλ¯mσ − 1
)
+
1
3
∑
σσ′
[
e−i(λ¯1σ+λ¯2σ′) − 1
]}
+j˜w˜ cos (θ − ϕ)
{
1
6
∑
mσ
(
e−iλ¯mσ − 1
)
+
2
3
∑
σ
[
e−i(λ¯1σ+λ¯2σ) − 1
]}
, (53)
B = 1
4
j˜2 [cos (θ − ϕ)− 1]2
∑
σ
{
1
3
[
e−i(λL1σ+λL2σ−λR1σ¯−λR2σ¯) − 1
]
+
1
24
[
e−i(λR1σ+λL2σ−λR1σ¯−λR2σ¯) − 1
]
+
1
24
[
e−i(λL1σ+λR2σ−λR1σ¯−λR2σ¯) − 1
]
+
1
24
[
e−i(λL1σ+λL2σ−λR1σ¯−λL2σ¯) − 1
]
+
1
24
[
e−i(λL1σ+λL2σ−λL1σ¯−λR2σ¯) − 1
]}
+
1
4
j˜2 sin2 (θ − ϕ)
∑
mm′σ′
m′ 6=m∑
m′
{
1
3
[
ei(λRmσ′+λRm′σ−λLm′σ¯−λLmσ′) − 1
]
+
1
12
[
ei(λRmσ−λLmσ¯) − 1
]
+
1
24
[
ei(λRmσ′+λRm′σ−λRm′σ¯−λLmσ′) − 1
]
+
1
24
[
ei(λRmσ′+λLm′σ−λLm′σ¯−λLmσ) − 1
]}
, (54)
with σ¯ =↑ (↓) for σ =↓ (↑) and λ¯mσ = λLmσ − λRmσ.
Here the renormalized interactions scaled by the renor-
malized linewidth, u˜ := U˜
πΓ˜
, w˜ := W˜
πΓ˜
. and j˜ := J˜
πΓ˜
,
express the strengths of the interactions of the Fermi liq-
uid. A and B represent the contribution of the interact-
ing quasiparticles, and it is peculiar to nonequilibrium
beyond the linear response current.
At the end of this subsection, we mention properties
of the free-quasiparticle term. For low bias voltages, this
term can be expanded in bias voltage V up to the third
7order as
lnχ0(λ)
∼ T
2π
V
∑
mσ
[
iλ¯mσ −
1
12
(
V
Γ˜
)2 (
e−iλ¯mσ − 1
)]
+O(V 5) . (55)
This term does not contain any current correlations be-
tween the two orbitals. It is natural because this term
is accounted for by the free quasiparticles. Therefore,
only quasiparticles excited by the renormalized interac-
tions in the nonlinear current of order V 3 can form spin-
entanglement between the two channels.
We note that there is no current of order V 2 because
of our setting of the particle-hole symmetry.
B. Current and current-correlations
a. Cross-correlation We first calculate interorbital
cross-correlations of current fluctuations, which can be
readily derived as a derivative of Eq. (50) with respect
to counting fields:
Cαα(θ, ϕ) =
∫ ∞
−∞
dt 〈δIα1θ(t) δIα2ϕ(0)〉
=
e2
T (−i)
2 ∂
∂λα1↑
∂
∂λα2↑
lnχ(λ)
∣∣∣∣∣
λ=0
= B1 −B2 cos(θ − ϕ) +O
(
V 5
)
(56)
with
B1 =
1
2π
V
(
V
Γ˜
)2(
1
4
j˜2 +
1
3
w˜2
)
, (57)
B2 =
1
2π
V
(
V
Γ˜
)2(
1
4
j˜2 − 1
3
w˜j˜
)
. (58)
Here, the operator of current fluctuation can be defined
by δIαmσ := Iαmσ−〈Iαmσ〉. This is one of the main result
of this paper. Here, the angle independent and dependent
terms of Eq. (56) are related to the charge and spin
correlation of excited particles and holes in the current,
as following. The cross-correlation of charge currents and
spin currents between orbitals m = 1 and 2 are given by
Ccαα =
∫ ∞
−∞
dt 〈δIcα1(t)δIcα2(0)〉
= Cαα(θ, ϕ) + Cαα(θ + π, ϕ)
+Cαα(θ, ϕ + π) + Cαα(θ + π, ϕ+ π)
= 4B1 , (59)
Csαα(θ, ϕ) =
∫ ∞
−∞
dt
〈
δIsα1θ(t)δI
s
α2ϕ(0)
〉
= Cαα(θ, ϕ)− Cαα(θ + π, ϕ)
−Cαα(θ, ϕ + π) + Cαα(θ + π, ϕ+ π)
= 4B2 cos(θ − ϕ) , (60)
respectively. Here,
Icαm =
∑
σ
Iαmσ , (61)
Isαmθ = Iαmθ − Iαmθ+π , (62)
are the charge and spin current, respectively. In our
model, every single quasiparticle and hole carries both
a charge and a spin. Thus, the ratio,
Csαα (θ, ϕ)
Ccαα
=
B2
B1
cos (θ − ϕ) , (63)
corresponds to the cross-correlation for effective spins
per current-carrying charge. The prefactor is determined
by the local-Fermi-liquid parameters, specifically the in-
terorbital residual interactions w˜ and j˜ as,
R := B2
B1
=
1− 43
(
w˜
j˜
)
1 + 43
(
w˜
j˜
)2 . (64)
Since R is the value of Eq. (63) for θ = ϕ, positive (neg-
ative) values of R indicate that the charge pairs with the
parallel (antiparallel) spins are dominant in the current.
We also find that the cross-correlation of the current
with three different angular momenta is induced by the
exchange interaction:
Cthree =
∫
dt
∫
dt′ 〈δIαmσ(t)δIαm′σ(t′)δIαm′σ¯(0)〉
=
(−i)3
T
∂
∂λαmσ
∂
∂λαm′σ
∂
∂λαm′σ¯
lnχ(λ)
∣∣∣∣
λ=0
=
1
2π
1
24
V
(
V
Γ˜
)2
j˜2 . (65)
There is a cross-correlation of four different channels.
However, it is equivalent to the above cross-correlation of
three spin-orbit channels because of the conservation of
the total angular momentum consisting of the spin and
orbital angular momenta during the quasiparticle scat-
tering processes by the residual interactions.
We shall demonstrate the existence of the spin-
entanglement between the orbitals. The Lagrangean
for quasiparticle’s interaction given by Eq. (29) can be
rewritten in terms of the spin-singlet and triplet compo-
nents:
L˜µI (t) = U˜
∑
m
n˜µdm↑(t) n˜
µ
dm↓(t) + W˜ n˜
µ
dm(t) n˜
µ
dm(t)
−3J˜
2
J˜ b¯µs (t) b
µ
s (t) +
J˜
2
∑
i=0,±
b¯µti(t) b
µ
ti(t) ,(66)
8where
b¯µs (t) = −
1√
2
[
˜¯dµ1↑(t)
˜¯dµ2↓(t)− ˜¯dµ1↓(t) ˜¯dµ2↑(t)
]
,
bµs (t) =
1√
2
[
d˜µ1↑(t)d˜
µ
2↓(t)− d˜µ1↓(t)d˜µ2↑(t)
]
, (67)
b¯µt0(t) = −
1√
2
[
˜¯dµ1↑(t)
˜¯dµ2↓(t) +
˜¯dµ1↓(t)
˜¯dµ2↑(t)
]
,
bµt0(t) =
1√
2
[
d˜µ1↑(t)d˜
µ
2↓(t) + d˜
µ
1↓(t)d˜
µ
2↑(t)
]
, (68)
b¯µt+(t) = − ˜¯dµ1↑(t) ˜¯dµ2↑(t) , bµt+(t) = d˜µ1↑(t)d˜µ2↑(t) , (69)
b¯µt−(t) = − ˜¯dµ1↓(t) ˜¯dµ2↓(t) , bµt−(t) = d˜µ1↓(t)d˜µ2↓(t) , (70)
are the Grassmann number for the spin-singlet and triplet
states of two generated particles (holes) between the or-
bitals. Applying the perturbation expansion with respect
to L˜µI (t), the term of the generating function with order
J˜2 can be written by Green’s function for the singlet state
and the triplet states:
J˜2
4
∑
µν
(σ3)
µµ(σ3)
νν
∫ +T2
−T2
dt dt′
9 〈bµs (t)b¯νs (t′)〉 〈b¯µs (t)bνs (t′)〉+ ∑
i=0,1
〈
bµti(t)b¯
ν
ti(t
′)
〉 〈
b¯µti(t)b
ν
ti(t
′)
〉 , (71)
where
〈· · · 〉 =
∫ D ( ˜¯dmσ)D(d˜mσ) · · · eiS(0)red∫ D ( ˜¯dmσ)D(d˜mσ)eiS(0)red (72)
is an expectation value. Equation (71) shows that the
spin entangled pairs given by Eqs. (67)-(70) are excited
and result in the cross-correlation between the two cur-
rents. We note that there are additional J˜2 terms due to
the counter term. However, they only eliminate the over-
counting of the renormalization effect, and do not affect
the form of the entangled pairs.
b. Averaged current The average current in each
channel of the right lead is also calculated from the first
derivative of Eq. (50):
〈Iαmσ〉 =
e
T (−i)
∂
∂λαmσ
lnχ (λ)
∣∣∣∣
λ=0
=
(
1− 2δRα
) (
Iu −
〈
INLαmσ
〉)
, (73)
where Iu =
1
2πV is the linear current, and
〈
INLαmσ
〉
=
1
2π
1 + 5I˜
12
V
(
V
Γ˜
)2
+O (V 5) (74)
is the nonlinear current with I˜ = u˜2 + 2w˜2 + 32 j˜2. The
averaged current is independent of the observation angles
θ and ϕ.
c. Shot noise The shot noise is a current noise due
to the charge discretization, and is simply given by auto-
correlation of the full current through the Anderson im-
purity. This is because the noise source is only a small
amount of the scattering state of the excited quasiparti-
cles by the renormalized interaction in the current. Thus,
the shot noise is given by the second derivation with re-
spect to the counting field as
S :=
∫
dt 〈δI (t) δI (0) + δI (0) δI (t)〉
= (−i)2 2e
2
T
∂2
∂λ2
lnχ (λ)
∣∣∣∣
λ=0
=
1
3π
V
(
V
Γ˜
)2 (
1 + 9I˜
)
, (75)
where
χ (λ) = χ (λ)|λ
Lmσ
=−λ
Rmσ
=λ2
. (76)
This form of the shot noise has already been derived for
Hund’s rule exchange interaction J < 0,16 and here it is
naturally extended to the whole of the local-Fermi-liquid
region, including antiferromagnetic interaction J > 0.
The Fano factor for the backscattering current is given
by the ratio of the shot noise and the nonlinear current
as
Fb :=
S
2e 〈INLαmσ〉
=
1 + 9I˜
1 + 5I˜
. (77)
The ratio of the current and its own shot noise usually
gives an effective charge of the current-carrying state.
However, a variety of quasiparticle-hole pairs are excited
in the current owing to the continuous low-energy spec-
trum of the local Fermi-liquid, as seen in Eq. (50). In
this case, the Fano factor can be defined as an average of
the current-carrying effective charges e∗i (i = 1, 2, · · · ) of
form11
eFb =
∑
i
〈
(e∗i )
2
〉
∑
i 〈e∗i 〉
. (78)
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FIG. 3. The value of R as a function of ferromagnetic
J(< 0), with U = 3.0piΓ, and several choices of W =
3.0piΓ, 2.9piΓ, 2.8piΓ, and 2.0piΓ. The thin dotted line indi-
cates the maximum value R = 1
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= 1.263 · · · .
In the remainder of this section, we investigate the
interaction dependence of the transport quantities de-
rived above, using the renormalized interactions calcu-
lated with the numerical renormalization group. In par-
ticular, we shall discuss behaviors of the transport quan-
tities for ferromagnetic (J < 0) and antiferromagnetic
(J > 0) exchange interactions.
C. Ferromagnetic exchange interaction
Figure 3 shows R as a function of ferromagnetic J for
four values of W with U fixed as 3.0πΓ. For U = 3.0πΓ,
the ground state stays in the Kondo regime, and it
evolves continuously as W and J vary. The calculated
renormalized interactions of the local Fermi liquid, u˜, w˜,
and j˜ are plotted in Fig. 4 as functions of bare ferromag-
netic exchange interaction J .
R takes positive values for any finite strength of J ,
which indicates that the charge pairs with parallel spins
are always dominant in the current. In the absence of
the exchange interaction J = 0, the renormalized one
is also j˜ = 0 and thus no spin angle-dependent interac-
tions are induced, while angle-independent renormalized
interactions u˜ and w˜ are finite. As a result, B2 = 0 while
B1 is finite, and the ratio becomes R = 0 at J = 0.
With increase of the strength of J , the spin entangle-
ment between the two orbitals is enhanced. Then, R
takes a common maximum 12 +
√
21
6 at a finite J = J
∗
for any finite strength of W with U > W . The two
interorbital renormalized interactions, j˜ and w˜, cooper-
atively enhance the spin entanglement as the cross-term
w˜j˜ arises in B2. For larger ferromagnetic interaction
−J ≫ Γ˜ ∼ TK and U > W , the system crosses over to the
S = 1 full screening Kondo regime where the renormal-
ized interactions take the universal values of the S = 1
Kondo fixed point: u˜ → 1, w˜ → 0 , and j˜ → − 23 , as
seen in Fig. 4.35 In this limit, charge fluctuations due
to the interorbital Coulomb interaction are suppressed,
i.e., w˜ → 0, and the spin fluctuations are maximally en-
hanced, which results in
R→ 1 . (79)
We note that R = 1 does not mean that the current is
fully spin-polarized. As seen in the generating function
given in Eq. (50), correlated quasiparticles and holes
excited by the exchange interaction give rise to pure spin
current and charge current. Therefore, R = 1 simply
means that the number of current-carrying spins is equal
to that of charges.
The crossover from the SU(2) Kondo state for U > W
or the SU(4) Kondo state for U = W , and J = 0 to
the fully screened S = 1 Kondo state at large strength
of J , is observed in the ratio R.16 Note that, for W =
0, the ratio is constant R = 1 for nonzero J , because
the residual interorbital Coulomb interaction is always
zero w˜ = 0, W˜ = 0 in this case. As −J increases, the
renormalized interactions and R more rapidly converge
to their own universal values for smaller values of W ,
because the Kondo temperature decreases with W .
This crossover through variation in the renormalized
parameters can also be seen in the cross-correlation of
three currents given by (65) and shot noise. The cross-
correlation of three currents takes the form
Cthree =
1
2π
1
864
V
(
πV
TK
)2
(80)
in the S = 1 Kondo limit (J/Γ → −∞). The shot
noise is also enhanced with the increase of two-particle
-1
0
1
3/2 j~ w~ u~
-1
0
1
-1
0
1
-1
0
1
-0.4-0.3-0.2-0.10.0
J /piΓ
(a) U = W = 3.0piΓ
(b) U = 3.0piΓ, W = 2.9piΓ 
(c) U = 3.0piΓ, W = 2.8piΓ 
(d) U = 3.0piΓ, W = 2.0piΓ 
FIG. 4. The renormalized interactions, j˜ (red solid line), u˜
(green dashed line), and w˜ (blue dotted line), as functions of
ferromagnetic J(< 0), with U = 3.0piΓ, and several choices
of (a) W = 3.0piΓ, (b) W = 2.9piΓ, (c) W = 2.8piΓ, and (d)
W = 2.0.
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FIG. 6. The renormalized interactions, j˜ (red solid line) u˜
(green dashed line) and w˜ (blue dotted line) as functions of
antiferromagnetic J/Jc, with U = 3.0piΓ, and several choices
of (a) W = 3.0piΓ, (b) W = 2.9piΓ, (c) W = 2.8piΓ, and (d)
W = 2.0piΓ. The exchange interaction is normalized by the
critical value Jc which is listed in Table I.
backscattering due to the renormalized exchange inter-
action. This has been clearly seen in enhancement of the
Fano factor.16
D. Antiferromagnetic interaction
Figures 5 and 6 show the computed values of R, and
the renormalized interactions, u˜, w˜ and j˜, respectively,
as a functions of ferromagnetic J > 0 with U = 3πΓ and
several values of W . There is a critical point at J = Jc
for antiferromagnetic J(> 0). The values of the critical
interaction Jc are listed in Table I. For large antiferro-
magnetic interactions J > Jc, two electrons occupied in
the two orbitals form an isolated singlet state and de-
couple from the conduction electrons in the leads, and
then no electric currents can flow through the quantum
dot.41,42 Therefore, we focus on the region J < Jc where
the low-energy state is accounted for by the local Fermi-
liquid and electric current through the dot arises.
As the antiferromagnetic interaction increases, R de-
creases to a common and negative minimum 12 −
√
21
6 ,
where cooperation of the interorbital interactions, w˜ and
j˜, maximizes the number of the charge pairs with antipar-
allel spins in the current. Then, R turns to increases to
the valueR = 1 at the limit J → Jc+0− where the renor-
malized interactions take the values of u˜→ 1, w˜→ 0, and
j˜ → 2 for U > W 41,42 as seen in Fig. 6. The number
of the charge pairs with antiparallel spins decreases, and
ones with parallel spins become dominant in the current.
The excited state is described by Eq. (66) as long as the
system stays in the local-Fermi-liquid region. Note that,
for W = 0, the ratio is unity for nonzero J , because the
renormalized interorbital Coulomb interaction is always
zero, w˜ = 0.
The crossover can also be seen in the cross-correlation
of three currents given by (65) and the shot noise through
variation in the renormalized parameters. The cross-
correlation of three currents in the limit J → Jc + 0−
is given in a form
Cthree =
1
2π
1
96
V
(
πV
TK
)2
. (81)
The Fano factor of the shot noise of the nonlinear current
is shown in Fig. 7 as a function of J . At the limit J →
Jc + 0
−, the Fano factors take a universal value
Fb →
16
9
. (82)
By classifying the backscattered current by the effective
charges,16 the ratio of probability to generate current
with effective charge e and 2e are found to be 4:7, which
result in the value through Eq. (78). Even near the crit-
ical point J → Jc + 0−, the Kondo effect or the Fermi
liquid state with strong renormalization are held as the
low energy state. Thus, 2e charge states are strongly
backscattered in the current, which can be observed as an
increase of Fb. With an increase of J , the renormalized
interactions, R and Fb, more rapidly converge to their
own universal values for smaller values of W , because
TABLE I. The critical values Jc calculated by the numerical
renormalization group, for U = 3.0piΓ, and the values of W
used in Figs. 5 and 6.
W
piΓ
3.0 2.9 2.8 2.0
Jc
piΓ
0.1140 0.0950 0.08121 0.04034
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FIG. 7. The Fano factor Fb, as a function of antiferromagnetic
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3.0piΓ, 2.9piΓ, 2.8piΓ, and 2.0piΓ.
the Kondo temperature decreases with W , similarly to
the case with the ferromagnetic interaction.
IV. SUMMARY
We have investigated spin-entanglement of quasipar-
ticle pairs excited by the renormalized interactions of
the local Fermi liquid, which arise in nonlinear currents
through the Kondo state of quantum dots with two de-
generate orbitals and exchange interactions. We have
shown, the cumulant generating function of the current
is precisely described in the terms of the local Fermi-
liquid parameters, up to third order in the applied bias
voltage. Using this cumulant generating function, we
have derived current correlations: cross-correlations be-
tween currents with two twisted spin in the different or-
bitals, cross-correlations of currents with three different
spin-orbital channels, shot noises, and the Fano factor
of the backscattering (nonlinear) currents. By calculat-
ing the renormalized parameters with use of the numeri-
cal renormalization group approach, we have investigated
the exchange interaction dependence of these transport
quantities. We have discussed spin-entanglement aris-
ing in the currents through two orbitals in current cross-
correlations. It is elucidated that spin-angle dependent
cross-correlation is induced by the exchange interactions.
Our approach can be extended to dots with more than
two degenerate orbitals N > 2. The low-energy state
for the ferromagnetic exchange interaction is simply de-
scribed by the S = N/2 Kondo state for any orbital de-
generacy N and the extension can be readily obtained.16
However, discussion on the ground state for the antifer-
romagnetic exchange interaction contains more variety.
For instance, the model for even N has a critical interac-
tion Jc and the conduction electrons decouple from the
dot for J > Jc, similarly to the case ofN = 2 discussed in
the last section.43 However, there is only one fixed point
for odd N , where a degenerate ground state of the quan-
tum dot due to the antiferromagnetic interaction yields
the full-screened Kondo state. Futher explanation of this
issue is beyond the scope of this paper.
Finally, further study on the spin entanglement of in-
teracting quasiparticles in the currents may be done by
the Bell’s inequality or the entanglement entropy. How-
ever, we note that not only particle pairs but also hole
pairs and particle-hole pairs contribute to the spin entan-
glement as seen in the generating function, which makes
it difficult to observe pure and individual entanglement
of the quasiparticle pairs in the current.
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Appendix A: Counter term
The coefficients of the counter term in Eq. (35) are
formally determined by comparing both sides of Eq. (34)
as an identity:
ξ1 = −Σrdmσ(0) , (A1)
ξ2 = z − 1 , (A2)
ξU3 = z
2
[
U − Γm↑;m↓m↓;m↑(0, 0, 0, 0)
]
, (A3)
ξW3 = z
2
{
W − 1
2
[
Γ1↑;2↑2↑;1↑(0, 0, 0, 0) + Γ
1↑;2↓
2↓;1↑(0, 0, 0, 0)
]}
,
(A4)
ξJ3 = z
2
[
J − Γ1↓;2↑1↑;2↓(0, 0, 0, 0)
]
. (A5)
The specific form of the counter terms as series of the
renormalized interactions for the particle-hole symmetric
case ǫd = −U2 −W can be calculated order by order. The
coefficients of the counter term up to the second order in
the renormalized interactions are obtained as
ξ1 = 0 , (A6)
ξ2 = −
(
3− π
2
4
)
I˜ + · · · , (A7)
ξU3 = πΓ˜
[
2
(
w˜ − 1
2
j˜
)2
− j˜2
]
+ · · · , (A8)
ξW3 = πΓ˜u˜j˜ + · · · , (A9)
ξJ3 = πΓ˜
[−2j˜2 − 2u˜j˜]+ · · · . (A10)
Most of the Fermi-liquid quantities can be written in the
series of the renormalized interaction up to the second
order. Therefore, this obtained form of the counter term
allows us to calculate the precise and specific form of
Fermi liquid quantities in terms of the renormalized pa-
rameters.
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Appendix B: Green’s function for free quasiparticle
The free-quasiparticle’s Green’s function in Eq. (37) is
given by
g˜dmσ(t) =
∫
dω
2π
g˜dmσ(ω) e
−iωt . (B1)
with the four Keldysh component in ω space,
g˜−−dmσ(ω) =
[
1− f˜eff(ω)
]
g˜rdmσ(ω) + f˜eff(ω)g˜
a
dmσ(ω) ,
(B2)
g˜−+dmσ(ω) = −f˜eff(ω) [g˜rdmσ(ω)− g˜admσ(ω)] , (B3)
g˜+−dmσ(ω) =
[
1− f˜eff(ω)
]
[g˜rdmσ(ω)− g˜admσ(ω)] , (B4)
g˜++dmσ(ω) = −
[
1− f˜eff(ω)
]
g˜admσ(ω)− f˜eff(ω)g˜rdmσ(ω) .
(B5)
Here, the retarded and advanced Green’s function of the
free quasiparticles are given by
g˜
r/a
dmσ(ω) =
1
ω − ǫ˜d ± iΓ˜
(B6)
with the full linewidth Γ˜ = 12
(
Γ˜L + Γ˜R
)
. The effective
Fermi distribution function for the quasiparticles is given
by
f˜eff(ω) =
Γ˜LfL(ω) + Γ˜RfR(ω)
Γ˜L + Γ˜R
, (B7)
where fα(ω) =
[
e
ω−µα
T + 1
]−1
is the Fermi distribution
function for the electrons in the isolated left and right
leads.
The quasiparticle’s Green’s function with counting
field in the ω space in Eq. (49) is given by
g˜λ−−dmσ (ω) =
1
K(ω)
[
ω − ǫ˜d − iΓ˜ + iΓ˜
∑
α
fα(ω)
]
, (B8)
g˜λ−+dmσ (ω) =
−iΓ˜
K(ω)
∑
α
eiλαmσfα(ω) , (B9)
g˜λ+−dmσ (ω) =
iΓ˜
K(ω)
∑
α
e−iλαmσ [1− fα(ω)] , (B10)
g˜λ++dmσ (ω) =
1
K(ω)
[
−ω + ǫ˜d + iΓ˜− iΓ˜
∑
α
fα(ω)
]
,
(B11)
where
K(ω) = (ω − ǫ˜d)2 + Γ˜2
+Γ˜2
[
e−iλ¯mσ − 1
]
[1− fR(ω)] fL(ω) (B12)
with λ¯mσ = λLmσ − λRmσ.
Appendix C: Calculation of renormalized parameters
Here we briefly show how to calculate values of
ǫ˜d, Γ˜, U˜ , W˜ , and J˜ , using the numerical renormalization
group (NRG) approach. In this section, we fix the NRG
iteration number N close to the low energy fixed point
and drop the N dependencies from the expressions. The
NRG eigen energy E here is not multiplied by Λ(N−1)/2,
where Λ is the logarithmic discretization parameter in
NRG.
In our NRG calculation, the eigen energies are classi-
fied using a set of quantum number (S,Q,∆Q), where S,
Q, and ∆Q are the total spin, the total electron number
and the difference in the number of electrons between the
channels 1 and 2, respectively. We put SpecHS,Q,∆Q :=
{NRG eigen energies labeled with(S,Q,∆Q)}.
Near the low energy fixed point corresponding to the
local Fermi-liquid state, the system is mainly described
by the free quasiparticle Hamiltonian
H0 =
∑
κηnσ
E(0)κ,η,nq†κ,η,n,σqκ,η,n,σ, (C1)
where qκ,η,n,σ annihilates a quasiparticle (κ = 1) or
quasihole (κ = −1) with spin σ and n th lowest energy
in the channel 1 (η = 1) or 2 (η = −1). We consider the
lowest one-quasiparticle or one-quasihole excited state
q†κ,η,1st,σ|G〉 from the ground state |G〉. This state is
an eigen state of H0 and has the eigen energy E(0)κ,η,1st.
Near the low energy fixed point, we can estimate the
eigen energy as E(0)κ,η,1st = E(1st)SG+ 12 ,QG+κ,∆QG+κη, where
E
(1st)
S,Q,∆Q := minSpecHS,Q,∆Q and (SG, QG,∆QG) is the
set of quantum number of the ground state. (We usually
have SG = 0.)
Since E(0)κ,η,1st is determined by the poles of the Green’s
function for the free quasiparticles, ǫ˜d and Γ˜ can be de-
duced from NRG eigen energies:
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1
Γ˜
= AΛ
2
π
g00
(
E
(1st)
SG+
1
2 ,QG+1,∆QG+η
)
− g00
(
−E(1st)
SG+
1
2 ,QG−1,∆QG−η
)
E
(1st)
SG+
1
2 ,QG+1,∆QG+η
+ E
(1st)
SG+
1
2 ,QG−1,∆QG−η
, (C2)
ǫ˜d = −AΛΓ˜ 2
π
g00
(
κE
(1st)
SG+
1
2 ,QG+κ,∆QG+κη
)
, (C3)
where g00 is the Green’s function at site 0 for the NRG
discretized chain of the conduction electrons and AΛ =
1+1/Λ
2(1−1/Λ) log Λ (For details, see Ref. 40.). There is a
plateau in each of the graphs of ǫ˜d and Γ˜ against N
toward the low energy fixed point, which enables us to
determine the values of these renormalized parameters.
Next, we consider the following three two-quasiparticle
excited states,
q†κ,η,1st,↑q
†
κ,η,1st,↓|G〉 , (C4)
q†κ,+1,1st,↑q
†
κ,−1,1st,↑|G〉 , (C5)
1√
2
(
q†κ,+1,1st,↑q
†
κ,−1,1st,↓ − q†κ,+1,1st,↓q†k,−1,1st,↑
)
|G〉.
(C6)
The three states are eigen states of H0, and the eigen
energies are 2E(0)κ,η,1st, E(0)κ,+1,1st+E(0)κ,−1,1st and E(0)κ,+1,1st+
E(0)κ,−1,1st, which are shifted by ∆E1, ∆E2 and ∆E3, re-
spectively, due to the renormalized interactions between
the quasiparticles. Near the low energy fixed point, the
three energy shifts can be evaluated using the NRG eigen
energies:
∆E1 = E1 − 2E(0)κ,η,1st , (C7)
∆E2 = E2 − (E(0)κ,+1,1st + E(0)κ,−1,1st) (C8)
and
∆E3 = E3 − (E(0)κ,+1,1st + E(0)κ,−1,1st), (C9)
where E1, E2, and E3 minimize∣∣∣E − 2E(0)κ,η,1st∣∣∣ for E ∈ SpecHSG,QG+2κ,∆QG+2κη ,
(C10)∣∣∣E − (E(0)κ,+1,1st + E(0)κ,−1,1st)∣∣∣ for E ∈ SpecHSG+1,QG+2κ,∆QG ,
(C11)
and∣∣∣E − (E(0)κ,+1,1st + E(0)κ,−1,1st)∣∣∣ for E ∈ SpecHSG,QG+2κ,∆QG ,
(C12)
respectively. Since the effects of the renormalized inter-
actions on the low-lying many-particle excitations tend
to zero toward the low energy fixed point, the three en-
ergy shifts can be calculated using the ordinarily first
order perturbation expansion in the renormalized inter-
actions, which gives us the following three formulas for
calculating the renormalized interaction parameters,
U˜ =
∆E1
|C(0)κ,η,1st|4
, (C13)
W˜ =
3∆E2 +∆E3
4|C(0)κ,+1,1st|2|C(0)κ,−1,1st|2
, (C14)
2J˜ =
∆E2 −∆E3
|C(0)κ,+1,1st|2|C(0)κ,−1,1st|2
. (C15)
Here, C
(0)
κ,η,1st is the overlap integral between the or-
bital of the dot coupled with the channel η and the free
quasiparticle state labeled with (κ, η, 1st). Toward the
low energy fixed point, we usually have a plateau in each
of the graphs of U˜ , W˜ , and J˜ against N , which enable us
to evaluate the renormalized interaction parameters.
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